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Abstract
We are concerned with two-component links of real projective planes in the four sphere, and a
surgery called the “Price surgery” along one component changing the other component. Using a
certain circle-action on the 4-sphere, we construct a family of knotted projective planes and show
that for any given pair P and P ′ in the family, P is changed into P ′ by a Price surgery along a
projective plane in the exterior of P . We also give alternative simple proofs to some known facts and
show related lemmas on two-component links of projective planes.
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1. Introduction
For a smoothly embedded projective plane in the 4-sphere S4, the Price surgery along
it has been defined in [10,21,25] as cutting and pasting of a 4-manifold N2 in S4 (and
also in general 4-manifolds), where N2 is defined as a total space of a non-orientable
D2-bundle over a projective plane with normal Euler number 2 (see [15–17,23]). Though
Price surgery may be expected to create a pair of 4-manifolds that are homotopy equivalent
but non-diffeomorphic, most examples of Price surgeries in S4, to the author’s knowledge,
are reduced to Gluck surgeries (by [10] and Kinoshita conjecture in [8,9,11,22,26]) and do
not change the ambient manifold S4, i.e., the resulting 4-manifolds of Price surgeries in S4
are again diffeomorphic to S4 (for Gluck surgeries, see [3,6] and references in [10]).
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In this paper, we do not focus on the differences among the resulting ambient 4-
manifolds, and instead focus on the knotted components of projective planes in the
unchanged ambient 4-manifold S4 before and after a Price surgery. We fix an orientation
of S4. Throughout the paper, by a positive P 2-knot (or a negative P 2-knot, respectively)
we mean an equivalence class or its representative of smoothly embedded projective planes
whose normal Euler number is 2 (or −2) in S4, where two embedded projective planes are
regarded as in the same class if there exists an orientation-preserving diffeomorphism of S4
which maps one projective plane to the other. LetL= P+∪P− be a two-component link of
projective planes in S4. Here we assume that the normal Euler number of P+ is +2 and that
of P− is −2. The reason why we set such an assumption will become clear after Lemma 8
in Section 3. We call P+ (and P−, respectively) the positive (the negative) component of
the link L. Suppose that the Price surgery Π(P−) along the negative component P− is
diffeomorphic to S4, then the positive componentP+ in Π(P−) defines a positive P 2-knot
in S4, but the new projective plane (Π(P−),P+) may not be pairwisely diffeomorphic
to (S4,P+), where the last P+ is the positive component of the original link L with the
component P− ignored. We regard such an operation, which changes the knot type of P+,
as that a Price surgery changes a positive P 2-knot in S4, or that a Price surgery “acts” on
the set of positive P 2-knots in S4.
Problem 1. For a given pair (S4,P+) and (S4,P ′+) of positive P 2-knots in S4, does there
exist a negativeP 2-knotP− in the exterior of P+ in S4 such that (Π(P−),P+) is pairwisely
diffeomorphic to (S4,P ′+)?
We start with a known example: Let P0+ be a standardly embedded (sometimes called
unknotted) projective plane in S4 whose normal Euler number is +2. It is known that the
exterior E(P0+) (= S4 \ intN(P0+)) is diffeomorphic to N2 by an orientation reversing
diffeomorphism, see [10,15,22,23]. Thus the exterior E(P0+), as a total space of a non-
orientableD2-bundle over a projective plane with Euler number−2, contains an embedded
projective plane as the zero section. This projective plane defines a negative P 2-knot in the
exterior of P0+ in S4, which we denote by P0−. In fact, P0− in S4 is a mirror image of
P0+. By LH we denote the link P0+ ∪ P0− in S4. We regard this link LH as the Hopf
link in dimension 4, see [23]. The following proposition has been shown in [21, p. 125]. It
would become clearer after the proof of our main theorem.
Proposition 2. For the link LH = P0+ ∪ P0−, we have that (Π(P0−),P0+)∼= (S4,P0+).
In other words, the Price surgery along P0− does not change P0+.
In this paper, we restrict ourselves to the following family of P 2-knots. Let P2-tw,± be
a family of positive/negative P 2-knots defined as the follows:
P2-tw,± :=
{[
P0± Tw2(k)
] | k is a classical knot in S3},
where Tw2(k) denotes the 2-twist spun 2-knot of a classical knot k in S3 [27], the square
brackets [.] denote an equivalence class, and  denotes the connected sum. Using a certain
S1-action on S4 (which has been introduced in another context in [24]), we will construct
a family {Lx} (x is an embedding of a certain 1-complex X in S3) of two-component links
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of projective planes and show that for any given pair of positive P 2-knots in the family
P2-tw,+ one can be changed to the other by a Price surgery:
Theorem 3. For any given pair P+ and P ′+ of positive P 2-knots in the familyP2-tw,+, there
exists a negative P 2-knot P− in the exterior of P+ such that (Π(P−),P+)∼= (S4,P ′+). In
other words, Price surgeries “act” on the family P2-tw,+ “transitively”.
Furthermore, we can prove a stronger theorem:
Theorem 4. In Theorem 3, the negative P 2-knot P− can be taken as any given type in the
family P2-tw,−; For any given pair P+ and P ′+ of positive P 2-knots in the family P2-tw,+
and a negativeP 2-knot P∗− in the familyP2-tw,−, there exists a negative P 2-knot P− in the
exterior of P+ in S4 such that (S4,P−) is of type P∗− and that (Π(P−),P+)∼= (S4,P ′+).
The paper is organized as follows. In the next section, we review Price surgery from [10,
25]. In Section 3 we will define the family of knots and two-component links of projective
planes and show a related lemma. In Section 4 we introduce a method “equivariant Price
surgery” by which we can describe in a simple manner Price surgeries along P 2-knots in
the family P2-tw,±. In Section 5, we prove Theorem 4. The main principle in the proof is
adaptability of spatial θ (theta)-curves shown by Kinoshita in [12]. In the final section, we
study Z2 ⊕ Z2-coverings of S4 branched along the two-component links in the family, by
which we show non-uniqueness of the link P+ ∪ P− in Theorem 3 for given three knot
types.
2. Price surgery
We review the definition of Price surgery along a smoothly embedded projective plane
in S4 from [10,25].
We regard N2, defined as a total space of a non-orientable D2-bundle over a projective
plane with Euler number 2, as a 4-manifold with boundary. Note that the boundary ∂N2
is homeomorphic to the quaternion space Q, whose fundamental group is isomorphic to
the quaternion group of order 8, which admits a Seifert fibered structure whose Seifert
invariants in the sense of [19, §5.2] are given by {−1; (o1,0); (2,1), (2,1), (2,1)}. We
call the three singular fibers s−1, s0, s1 and regard them as fixed circles in the boundary
of the 4-manifold N2, see the Kirby diagram representation of N2 in Fig. 1 (see also [5,
p. 199]). The circle s0 is characterized as a meridian to the zero section, but the other two
circles are not distinguished algebraic-topologically. In fact, there is a bundle isomorphism
(g1 in [21, p. 116]) over N2 which fixes s0 and switches s−1 and s1.
Let P be a smoothly embedded projective plane in S4. By N(P) and E(P), we denote
the tubular neighborhood and the exterior of P (i.e., S4 \ intN(P)), respectively. It is
known that the tubular neighborhoodN(P) is always diffeomorphic to N2 or its orientation
reversed one −N2 (see [16,17]). We take a diffeomorphism I from the abstract N2 to
N(P) such that the circle I (s−1) is in the kernel of the induced map i∗ :H1(∂E(P );Z)→
H1(E(P );Z) of the inclusion. Note that the domain H1(∂E(P );Z)∼= Z2 ⊕Z2 consists of
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Fig. 1.
four elements 0, [s−1], [s0] and [s1] (= [s−1]+[s0]), and the co-domainH1(E(P );Z)∼= Z2
is generated by the meridian [s0] by the Alexander duality. Then we define the Price surgery
Π(P) along P as follows:
Π(P) :=E(P)∪i◦g(0,1) ±N2,
where the orientation (±) of N2 is chosen according to N(P) and the gluing map
i ◦ g(0,1) : ∂N2 → ∂E(P ) is the composite of the trivial regluing map i = I |∂N2 and the
fiber preserving diffeomorphism g(0,1) of Q which switches s0 and s1.
It is easy to see that the Price surgery in the above definition has the same homology
groups as S4; H∗(Π(P ),Z) ∼= H∗(S4,Z) for any integer ∗. In [10], it is shown that if a
P 2-knot P is a connected sum P0+ K of the unknotted projective plane P0+ and a 2-knot
K , then the Price surgery along P0+ K is reduced to the Gluck surgery Σ(K) along K ,
i.e., Π(P0+ K)∼=Σ(K). It has been known that for certain 2-knotsK , including all twist
spun 2-knots by [6], the Gluck surgery Σ(K) along K is diffeomorphic to S4. Here we
summarize the fact as follows:
Lemma 5. For a positive P 2-knot P0+ Tw2(k) in the family P2-tw,+, the Price surgery
Π(P0+ Tw2(k)) is diffeomorphic to S4. It also holds for a negativeP 2-knotP0− Tw2(k).
This lemma will be shown alternatively after Lemma 9 using the classification theorem of
S1-action on 4-manifolds in [1] and [2, Theorem (13.2)].
3. Construction of the links
We will construct a family of two-component links of projective planes using a certain
S1-action on S4. It has been introduced in another context by the author in [24] (where
non-trivial decompositions of S4 as a union of two P 2-knot exteriors are studied).
We start with a Seifert fibration f(2,1) of S3 over S2 of type (2,1):
f(2,1) : S3 → S2, (z1, z2) → z
2
1
z2
,
where we regard S3 as { (z1, z2) ∈ C2| |z1|2 + |z2|2 = 1} and S2 as C ∪ {∞}. The Seifert
invariants of this fibration in the sense of [19] are given by {−1; (o1,0); (2,1)}. The
singular fiber is {(z1, z2) ∈ S3 | z1 = 0} and its image is {0}. Next, we take its suspension
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Fig. 2.
Fig. 3. 1-complex X.
Σf(2,1) :ΣS
3 → ΣS2, obtained by compactifying f(2,1) × id(−1,+1) :S3 × (−1,+1)→
S2 × (−1,+1) by two points both in the domain and in the co-domain. Note that ΣSd =
Sd+1. The singular image of the map Σf(2,1) in S3 = ΣS2 is the closure of the oriented
arc Σ{0}, which we call A. By P+ and P− we denote the two end points of A such that
A is oriented from P− to P+, see Fig. 2. From the point of view of an S1-action on S4,
following Fintushel’s work [1], we give “weights” (2,1) to A and ±1 to P±, respectively.
Next, we introduce a topological object (a 1-complex) X which will be variously
embedded in S3 = ΣS2. The 1-complex X is defined in R2 as a union of three arcs
a, b+, b−, see Fig. 3:
a : {(x,0) ∈R2 | |x| 1},
b+ :
{
(x, y) ∈R2 | (x − r)2 + y2 = (1− r)2, y  0},
b− :
{
(x, y) ∈R2 | (x + r)2 + y2 = (1− r)2, y  0},
where r is a positive small number.
Here we define some notations for points and arcs in X. We fix an orientation of the
arc a from the point p−(−1,0) to p+(1,0). The semi-circle b+ (and b−, respectively) has
one end point at the end point p+ (p−) of the arc a. The other end point at q+(−1+ 2r,0)
(q−(1− 2r,0)) lies in the interior of a. Note that the four points p−, q+, q−,p+ on the arc
a are located in this order. By c+ we denote the sub-arc between q+ and p+ and by c− the
sub-arc between p− and q− in the arc a. We sometimes move the point p+ along the arc
b+ close to q+ and also bring p− along b− to near q−, see Fig. 4 in the next section.
Now, we take a knotted embedding x of X in S3 = ΣS2 such that the image and
orientation of the arc a is equal to the singular image A of Σf(2,1) setwise. We use the
same notations for points and arcs in the image x of X as those of X. The union b+ ∪ c+
in x (and b− ∪ c−, respectively) defines a classical knot. By k+ (and k−) we denote the
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knot type. Then, in [24], it has been shown that the preimage (Σf(2,1))−1(b+) of b+ in
S4 becomes a negative P 2-knot of type P0− Tw2(k+), see also [20,4] on a relationship
between such S1-actions on S4 and twist-spun 2-knots. We summarize this fact as the next
lemma:
Lemma 6 [24]. Let x be an embedding of the 1-complexX in S3 =ΣS2. If the subset b+∪
c+ of x defines a classical knot of type k+ in S3, then the preimage (Σf(2,1))−1(b+) of b+
is a negative P 2-knot of type P0− Tw2(k+) in S4, i.e., (Σf(2,1))−1(b+)= P0− Tw2(k+).
It also holds that if the subset b− ∪ c− of x defines a classical knot of type k− in S3, then
(Σf(2,1))
−1(b−)= P0+ Tw2(k−).
Definition 7 (The family of two-component links). For a given embedding x of the 1-
complex X in S3, we define a two-component link Lx of projective planes as
Lx := (Σf(2,1))−1(b+ ∪ b−),
whose one component is a positive P 2-knot (Σf(2,1))−1(b−), and the other is a negative
P 2-knot (Σf(2,1))−1(b+).
Note that in our examples Lx , the two components algebraically link with each other,
which means that a generator of H1(P±;Z) also generates H1(E(P∓);Z) ∼= Z2 for each
sign.
Lemma 8. If components of a two-component link L = P1 ∪ P2 of projective planes
algebraically link with each other, then the signs (±) of the normal Euler numbers of
the components are different, i.e., one component is a positive P 2-knot and the other
component is a negative P 2-knot.
Proof. Suppose that P1 is negative. In the process of the proof of Whitney–Massey’s
theorem in [16], it has been shown that the double covering M of S4 branched along P1
satisfies that rkH2(M;R)= 1 and that the signature ofM is 1. ThusM is a positive definite
4-manifold. (For example, if P1 is the negative unknot P0−, the double branched covering
M of S4 is the complex projective plane CP 2, see [14,15].) If the other component P2
algebraically links with P1, then it lifts to an embedded 2-sphere in M whose normal Euler
number is positive, thus P2 is also positive. In the case in which P1 is positive, it is shown
by the same argument. ✷
4. Equivariant Price surgery
We will study S1-equivariant Price surgery along the (negative) component of a link in
the family defined in the previous section.
We fix an embedding x of the 1-complex X in S3, see an example in Fig. 4. Let Lx be
the two-component link of projective planes defined in Definition 7.
We interpret the Price surgery along the negative component ofLx as cutting and pasting
of a 3-ball in the base space S3. Let N(b+) be a regular neighborhood of the arc b+
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Fig. 4. Example. Fig. 5.
Fig. 6.
in S3. The preimage (Σf(2,1))−1(N(b+)) is a regular neighborhood of the negative P 2-
knot (Σf(2,1))−1(b+), and is diffeomorphic to −N2. The intersection N(b+) ∩A (where
A is the singular image of Σf(2,1)) consists of a union of a proper arc a1 containing the
point q+ and a non-proper arc a2 near the point p+, see the left-hand side figure in Fig. 6.
In the boundary ∂N(b+), the intersection (∂N(b+))∩A consists of three points. They
are singular images of the singular fibers s−1, s0, s1 of the Seifert fibration (see Section 2)
of the quaternion space −Q (the projection is the restriction of Σf(2,1)), but it needs a
little extra step to make the correct correspondence. First, the meridian s0 corresponds
to the point ∂N(b+) ∩ a2, because the arc a2 implies null-homotopy of the circle in
−N2. To determine which of two points (∂N(b+)) ∩ a1 corresponds to s−1, we look
at the exterior. The circle s−1 was defined as the one in the kernel of the induced map
i∗ :H1(∂E(P );Z)→ H1(E(P );Z) of the inclusion. Thus, s−1 corresponds to the point
that is connected to p− directly in A and s1 corresponds to the other, see Figs. 4 and 6
again. With the correspondence of the three points on the boundary ∂N(b+), we describe
the Price surgery along (Σf(2,1))−1(b+) by cutting and pasting of the 3-ball N(b+) in the
base orbit space:
Lemma 9. For a two-component link Lx of projective planes in S4 in the family defined in
Definition 7, the Price surgery along the negative component is described as cutting and
pasting of N(b+) in the base space S3 as in Fig. 6.
It is easily checked that by this operation a new embedding of the 1-complex X in S3
is obtained. Thus, by the classification theorem of S1-action on 4-manifolds in [1,2], the
resulting manifold is again S4. This is an alternative proof of Lemma 5.
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5. Proof of the main theorem
Before starting the proof, we closely examine the equivariant Price surgery for the
example in Fig. 4. By Lemma 9, the result of the Price surgery is in Fig. 5 (placed next to
Fig. 4 for convenience). Before the surgery, the knot k− in the old x was “41: the figure
eight”, and after the surgery, the knot k− in the new x is “31: the left-handed trefoil”. Thus
for the example Lx in Fig. 4, the Price surgery along the negative component changes
P0+ Tw2(41) to P0+ Tw2(31) by Lemma 6.
The main principle for the proof of Theorem 4 is the adaptability of special θ (theta)-
curves shown by Kinoshita in [12]. A θ -curve is defined as a union of three arcs e1, e2, e3
in S3 meeting only their common end points Z+ and Z−. Each union ei ∪ ej of pair of two
arcs (we assume that i < j ) forms a knot in S3, called a constituent knot of the θ -curve.
Theorem 10 [12]. Let k12, k13 and k23 be three classical knots in S3. Then, there exists a
θ -curve θ = e1 ∪ e2 ∪ e3 such that the constituent knot ei ∪ ej has the same knot type as
that of kij for (i, j)= (1,2), (1,3) and (2,3).
Now we start the proof of Theorem 4. For three given classical knots k12, k13 and
k23, we construct a two-component link L = P+ ∪ P− of projective planes that satisfies
a condition that its positive component P+ is P0+ Tw2(k13), the negative component P−
is P0− Tw2(k23) and that (Π(P−),P+) is P0+ Tw2(k12) as a positive P 2-knot in S4. By
the adaptability Theorem 10, there exists a θ -curve e1 ∪ e2 ∪ e3 whose each constituent
knot ei ∪ ej has same knot type to that of kij for (i, j)= (1,2), (1,3) and (2,3).
A construction of a link from a θ -curve. We take an orientation of e1 and e2 from
one end point Z− to the other Z+ and that of e3 oppositely. Then, we connect the arcs
e1 ∪Z+ e3 ∪Z− e2 as a long oriented curve in this order and perturb near the end points as
an embedded curve a of x in S3, see an example in Fig. 7.
Regarding the trace of the perturbation of the point Z+ in int(a) as b+ and that of Z− as
b−, we have an embedding x of 1-complex X in S3. The two-component link Lx defined
by x satisfies all the conditions. This completes the proof of Theorem 4. ✷
Fig. 7.
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Taking the trivial θ -curve in S3, we obtain an alternative proof of Proposition 2.
Remark 11. In the definition of Price surgery in Section 2, the projective plane (the zero
section) in the piece ±N2 defines a new P 2-knot in the resulting manifold in Π(P)∼= S4,
which is denoted by P ∗. In our examples, the type of negative P 2-knot is not changed by
the Price surgery, i.e., (Π(P ),P ∗) ∼= (S4,P ). To the author’s knowledge, no example of
P 2-knot P satisfying that (Π(P ),P ∗) ∼= (S4,P ) is known.
6. Z2 ⊕Z2 branched coverings
We study Z2 ⊕ Z2-covering of S4 branched along the two-component link Lx of
projective planes defined in Section 3. We represent the group Z2 ⊕ Z2 as 〈f,g | f 2 =
g2 = 1, fg = gf 〉.
First we study the case of the basic example “Hopf link” LH in dimension 4 defined in
Section 1. The Z2 ⊕ Z2-covering of S4 branched along LH is well-known to be S2 × S2,
see [14,15]. Here we take an S1-action compatible with the covering map. We regard S2
as CP 1 = C ∪ {∞} and S1 as the unit circle in C. Then the two actions are described as
follows:
(1) Z2 ⊕Z2-action on S2 × S2.
f (z,w)= (w, z), g(z,w)=
(
−1
z¯
,− 1
w¯
)
.
Note that the map g is “antipode × antipode” on S2 × S2.
(2) S1-action on S2 × S2.
t ◦ (z,w)= (tz, tw).
This action is semi-free, i.e., the isotropy subgroup of the action is trivial {1} or the
whole group S1 (at fixed points) at any point. By Fintushel’s method in [1,2], it is
represented by the orbit space S3 and four points weighted+1,+1,−1,−1 in it, which
correspond to fixed points.
The two actions are clearly compatible, thus we have an S1-action on the quotient space
(S2 × S2)/(Z2 ⊕ Z2) ∼= S4. It is not hard to see that the quotient map to the orbit
space of this action is equivalent to Σf(2,1) defined in Section 3. The diagonal ∆ and
the anti-diagonal ∆ = {(z,− 1
z¯
) | z ∈ C} (both are homeomorphic to S2) in S2 × S2
are kept invariant setwisely by both actions, and each quotient space by the Z2 ⊕ Z2-
action is a projective plane. The decomposition of S2 × S2 as a union of the invariant
tubular neighborhood N(∆) of ∆ and that of the anti-diagonal N(∆) corresponds to the
decomposition of S4 as a union of N2 and −N2.
Now we study the general case of two-component link Lx (x is an embedding of the
1-complex X into S3) of projective planes. First, we decompose S3 into three parts, a
regular neighborhood of the arc b+, that of b− and the other part C, see Fig. 4 again. The
part C is homeomorphic to S2 × [0,1] and the intersection C ∩ x consists of three strings
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each of which connects the two (upper and lower) boundaries. Let C be a Z2⊕Z2-covering
of C branched along C ∩ x . The boundary ∂C is a disjoint union of two copies of S2. The
covering is modeled by
ρ :CP 1 →CP 1, z → z
2 + z−2
2
branched at three points {1,−1,∞}. If x is constructed from a θ -curve θ as in the proof
of Theorem 4 in Section 5, the closed 3-manifold obtained by capping C along the two
copies of S2 by two copies of B3 is the Z2 ⊕ Z2-covering of S3 branched along θ , see
[7,18]. By M2,2(θ) we denote the covering space. Note that we can take the covering and
the capping of the orbit spaces compatibly with the S1-action on the 4-manifolds. Thus
for a link Lx of projective planes constructed from a θ -curve θ as in the previous section,
the Z2 ⊕Z2-covering of S4 branched along Lx is represented by M2,2(θ) with four points
weighted +1,+1,−1,−1 with no singular curves in it, which is sufficient to determine
the 4-manifold by [2]. We have:
Lemma 12. For an embedding x of the 1-complex X constructed from a θ -curve θ
in S3 as in Section 5, the Z2 ⊕ Z2-covering of S4 branched along the link Lx is
(M2,2(θ)×S1)s  S2×S2, where (M×S1)s denotes the 4-manifold obtained from M×S1
by a surgery along B3 × S1 for a 3-manifold M .
Kinoshita’s θ -curve θK (see [13]) satisfies that every constituent knot is trivial and that
M2,2(θK) ∼= Σ(2,3,5) (see Example 2.5 in [18]). It shows non-uniqueness of the link
P+ ∪P− in Theorem 3 for given three knot types.
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